The double integrable couplings of the Tu hierarchy are worked out by use of Vector loop algebras G 6 and G 9 respectively. Also the Hamiltonian structures of the obtained system are given by the quadratic-form identity.
Introduction
Gui-zhang Tu once proposed a simple method to obtain integrable Hamiltonian hierarchies of the soliton equation in Ref. [1] . Wen-xiu Ma further developed it and called it the Tu model [2] . By taking advantage of it, one obtained a lot of integrable systems associated with physics backgrounds, such as AKNS hierarchy, KN hierarchy, BPT hierarchy, etc. as in Refs. [1] [2] [3] [4] [5] [6] [7] [8] . Following the development of the soliton theory, integrable couplings have become a new and very important topic in the study of integrable systems. The concept of integrable couplings and related theories were brought forward in Refs. [9, 10] . A few ways to construct integrable couplings were first presented by use of perturbations in Refs. [9] [10] [11] . The following idea of semi-direct sums of Lie algebras was also used for studying integrable couplings in Refs. [9, 12, 13] :
where G 1 and G 2 are the subalgebras of the Lie algebra G (here ⊕ denotes the semi-direct sum). A systematic theory between the semi-direct sums of Lie algebras and integrable couplings was developed very recently in Ref. [13] . Let G be a Lie algebra, and take a semi-direct sum of G with another Lie algebra G c as follows
The notion of semi-direct sums means G and G c satisfy
where [G, G c ] = {[A, B]|A ∈ G, B ∈ G c }. Hence, G c is an ideal Lie subalgebra of the enlarged Lie algebraḠ. According to (1) and (2), if we set U = U + U c ,V = V + V c , U, V ∈ G, U c , V c ∈ G c .
Also, we make a pair of enlarged matrix spectral problems
The resulting compatibility condition yields the following enlarged zero curvature equation
which is equivalent to
The first equation in (3) exactly gives the known equation u t = K (u); the second one gives the new equation v t = S(u, v). Thus, the enlarged integrable system
is just a coupling system [9, 10] . Later, some integrable coupling systems of the integrable hierarchies were obtained in Refs. [14] [15] [16] [17] . In order to work out the Hamiltonian structure of integrable couplings systems, Professors Ma and Chen introduced a variational identity under general bilinear forms in Ref. [18] . For a given spectral matrix U = U (u, λ) ∈ G, where G is a matrix loop algebra, let us fix the proper ranks rank(λ) and rank(u) so that U has the same rank, or it is homogeneous in rank; then we can define rank(U ) = rank( ∂ ∂ x ) = β = const. We assume that if two solutions V 1 and V 2 of the stationary zero curvature equation
possess the same rank, then they are linearly dependent on each other:
This condition is also required in deducing the standard trace variational identity in Refs. [1, 19] . Let G be a matrix loop algebra, U = U (u, λ) ∈ G be homogenous in rank and ., . denote a non-degenerate symmetric bilinear form invariant under the matrix Lie product. Assume that the stationary zero curvature equation Eq. (4) has a unique solution V ∈ G of a fixed rank up to a constant multiplier. Then for any solution V ∈ G of Eq. (4), being homogeneous in rank, we have the following variational identity
where γ is a constant. The variational identify equation (5) generalizes the standard trace variational identify in Refs. [1, 19] , and it can be applied to both semi-simple and non-semi-simple Lie algebras. Moreover, if we fix the basis of an involved Lie algebra and transform the spectral problem introduced in Ref. [20] into a matrix spectral problem of that type, we can easily see that the so-called quadratic-form identity in Ref. [20] is just a consequence of this generalized variational identity Eq. (5) .
In this paper, two integrable couplings of the Tu hierarchy are worked out by use of the vector loop algebras G 6 and G 9 , and then according to the quadratic-form identity, the Hamiltonian structure of the above system is presented.
Integrable couplings of one of the Tu hierarchy
The corresponding loop algebra G 6 is given as
Consider an isospectral problem as follows
Taking
Solving the stationary zero curvature equation
Denote
A direct calculation gives
Take
, 0, 0 T ; then the zero curvature equation
admits the following integrable system
From (10), we have
Therefore, the system (14) can be written as
Taking u 3 = u 4 = 0, the system (16) reduces to the Tu hierarchy [9, 21, 22] ; therefore, in terms of the definition of integrable couplings, we conclude that the system (16) encapsulates integrable couplings of the Tu hierarchy.
3. The Hamiltonian structure of the system (16) Set G s be an s-dimensional linear space with base e 1 , e 2 , . . . , e s , and let a =
. . , b s ) T be two elements of G s and define a commutative operation as
which makes G s along with (17) a Lie algebra. A corresponding loop algebraG s is presented with bases and commutative operations respectively as follows
The linear isospectral problem that is constructed byG s can be taken as
The compatibility of (19) is the zero curvature equation
and its resulting stationary zero curvature equation reads
where we require that
If V 1 and V 2 are the same rank solutions to (21) and satisfy
For a, b ∈G s , the s-order matrix R(b) is determined by
and the constant matrix F = ( f i j ) s×s is determined by
We introduce the quadratic-form identity functional
Then from Ref. [20] we obtain
where λ is a constant to be determined, which we call (27) the quadratic-form identity.
From (6), we have
Solving the matrix equation 
Then, {a, b}
According to the quadratic-form identity (27), we have
Comparing the coefficient of λ −n−2 yields
Taking n = 0 gives γ = 0. Therefore,
Hence, the system (16) has the following Hamiltonian structure
It is easy to verify that J L = L * J . Hence, the system (16) is integrable in the Liouville sense.
Two integrable couplings of the Tu hierarchy
It is easy to verify that G 9 is a Lie algebra. The corresponding loop algebra is given as
where β i are constants.
Note that
n+1 , 0, 2V
, 0, 0) T , Then the zero curvature equation
where
here From (38), we have
Therefore, the system (42) can be written as
Taking u 3 = u 4 = u 5 = u 6 = 0, the system (45) reduces to the Tu hierarchy. Therefore, in terms of the definition of an integrable coupling, we conclude that the system (45) is another integrable coupling of the Tu hierarchy.
The Hamiltonian structure of the system (45)
From (34), we have
Similarly to (29) we have According to the quadratic-form identity (27), we have δ δu (−2V (1) − 2V (4) − 2V (7) 
+ V
2V (2) + 2V (5) + 2V 
Comparing the coefficient of λ −n−2 yields δ δu (−2V (1) n+2 − 2V (4) n+2 − 2V
n+2 ) = (γ − n − 1)
n+1 + 2V
n+2 + 2V (4) n+2 + 2V
Hence, the system (45) has the following Hamiltonian structure:
It is easy to verify that J L = L * J . Hence, the system (45) is integrable in the Liouville sense.
